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Abstract
Experiments on emission of coherent radiation from thick mesa structures of high-temperature superconductors showed
that the structure acts like a resonator and that there is strong self-heating of intrinsic Josephson junctions. We considered
analytically basic conditions of synchronization of the self-heated stack of two junctions in a resonator using the method
of slowly varying amplitudes. We calculated the changes of the temperatures of junctions and the changes of their IV-
characteristics due to self-heating in the region of the resonance frequency.
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1. Introduction
Recently, it was shown experimentally that intrinsic Josephson junctions made of high temperature su-
perconductors produce an ac power up to 5 microwatt [1, 2, 3]. Experiments showed that the stack of
intrinsic junctions acts itself as a superconducting resonator [4]. It was shown also that there is strong
self-heating of radiating samples [5, 6].
The mentioned experiments stated a problem of the influence of self-heating on synchronization of
Josephson junctions which was not studied systematically up to now. In earlier investigations [7] there
was considered the thermal heat diﬀusion process along c-axis of the high-temperature superconductor. We
began our investigations for the simplest system of two self-heated junctions in a superconducting resonator.
In the present paper we used the method of slowly varying amplitudes [8] to develop some model of such
an influence. The use of this method is very convenient in the first stages of investigations because it allows
to make clear the basic processes which lead to synchronization. Besides, this method allows often the
analytical or grafic solution of the problem that makes results more vivid [9]. Because the method of slowly
varying amplitudes can be applied to systems of Josephson junctions with small values of the McCumber
parameter (up to 0.5), it can be used for the description of synchronization of point junctions.
In the present paper we developed the method of slowly varying amplitudes for the system of two
self-heated junctions in the resonator with the use of results of the model for synchronization at the fixed
temperature [10] and the simple model of IV-characteristics of self-heated non-interacting junctions [11].
We apply our consideration to junctions without spread of critical currents as well as with spread of 5%
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Fig. 1. (a) The high-frequency scheme of the system. Dashed squares show Josephson junctions together with their capacitances. (b)
The scheme of the Josephson junction without the capacitance.
and make clear the influence of self-heating on synchronization for these cases. We also estimated the
temperatures of overheating of junctions.
2. The model
The high-frequency scheme of the system is presented in Fig. 1a. The resonator is represented as an
electric circuit with the inductance L, the capacitance C1 and the resistance R1. Josephson junctions are
represented in the resistively and capacitively shunted model as the parallel connection of the capacitance
C j, the resistance Rj and the source of the Josephson current I j. Preparing the system for the consideration
by means of the method of slowly varying amplitudes, we can formally attach capacitances of the junctions
to the external load (i.e. to the resonance circuit) as it is shown in Fig. 1a. Then the junction is considered
as only the parallel connection of Rjk and I jk, where k is the number of the junctions (Fig. 1b). In the
following consideration we will assume the same values of capacitances for both junctions but diﬀerent
critical currents and resistances of junctions. Let critical currents of junctions at the temperature of the
cryostat T0 be equal to Ick(T0) = (1 ∓ δ)Ic0(T0), where Ic0(T0) is the averaged critical current and δ is the
spread of critical currents. We assume also the same value of critical voltages Vck(T0) of junctions at the
temperature of the cryostat: Vc1(T0) = Vc2(T0) = Vc(T0). Therefore, resistances of junctions are equal
to R1 = R0/(1 − δ) and R2 = R0/(1 + δ), where R0 = Vc(T0)/Ic0(T0). We assume values R1 and R2 are
independent of the temperature.
Now we investigate synchronization of junctions. At first, we describe synchronization of junctions
at the fixed temperature in the resonator by the method of slowly varying amplitudes. The influence of
the resonator is considered as a perturbation of the solution of diﬀerential equations of phase dynamics.
Then we introduce Joule heating of junctions again as a perturbation and finally consider the change of
IV-characteristics of junctions under the influence of these two perurbations.
Phase dynamics of junctions in the system is described by the equations which follow from the current
conservation conditions:
ϕ˙k + sinϕk = i − ˜ik, k = 1, 2, (1)
where ϕk and ϕ˙k are the diﬀerences of the phase of the order parameter over the junction and its first
derivative with respect to the dimensionless time τ = 2πR0Ic0(T0)t/Φ0 with Φ0 is the quantum of magnetic
flux, i = I/Ic0(T0) is the normalized bias current and ˜ik = ˜Ik/Ic0(T0) is the normalized ac current flowing
through the k-th junction. Junctions interact with each other by means of currents ˜ik. These currents are
defined as follows:
˜ik =
∑
ykk′ ν˜k′ , k, k′ = 1, 2, (2)
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where ykk′ are connection coeﬃcients which are equal to the amplitudes of the ac current in the k-th junction
when there is one unit of voltage on the k’-th junction and ν˜k′ is the amplitude of voltage over k’-th junction.
According to the method of slowly varying amplitudes, instead of equations of phase dynamics (1) it is
possible to solve the so-called reduced equations for averaged phases θk (guide phases) [8, 12]:
˙θk = νˆk = ν¯
A
k − rd
̂
˜ik cos θk
i
, k = 1, 2, (3)
where ν¯Ak = ¯V
A
k (T )/Vc(T0) is the normalized fully averaged over time voltage over the k-th autonomous
(non-interacting) junction, rd = dν¯A/di with ν¯A = (i2 − 1)1/2 and signs of the hat over the symbols and
expressions mean averaging only over fast processes like the period of Josephson generation. The averaging
over the fast processes in (3) gives the following reduced equations:
˙θk = ν¯
A
k +
a
2
[
(ykk) +(ykk′ ) cosψ ∓ (ykk′ ) sinψ] , k, k′ = 1, 2, (4)
where ˙θk is the derivative of θk with respect to the dimensionless time τ, a = 2/(i+ ν¯A) and ψ = θ2 − θ1. The
low-frequency components of ac currents which flow through junctions are as follows:
ˆik =
aν¯A
2i
[
(ykk) +(ykk′ ) cosψ ∓ (ykk′ ) sinψ] , k, k′ = 1, 2. (5)
The main limitation of the method of slowly varying amplitudes is the smallness of the amplitude of the ac
current ˜ik in comparison with the bias current: ˜ik < i.
The system (4) has been solved for diﬀerent types of the load [12, 13] including the load shown in Fig. 1a
[10]. The connection coeﬃcients ykk′ were obtained straightforward by the method of the contour currents.
To obtain the IV-characteristics νk ≡ ˆVk/Vc(T0) = f (i) it is necessary to solve the system (4) numerically
and to average values of ˙θ on time.
Up to now we have considered synchronization of the junctions at the fixed temperature. Now we include
Joule heating into the model. The power of the Joule heat extraction in the k-th junction is proportional to
the mean square of the current flowing through this junction:
Pk = (I + ˆIk)2Rjk, k = 1, 2, (6)
where the line over the expression means the full averaging over time and ˆIk = ˆikIc0(T0). According to the
simple model [11] the influence of self-heating on IV-characteristics of autonomous junction is as follows:
ν¯Ak (pk) = (i2 − (1 − pk)2)1/2, k = 1, 2, (7)
where pk = Pk/(Vc(T0)IT ) is the normalized power of heat extraction with IT = (γ |dVc(T )/dT |)−1 is the
constant where γ = 1/(πrλ) is the coeﬃcient which characterizes the heat sink and |dVc(T )/dT | is the
derivative of the critical voltage on the temperature. To calculate IV-characteristics of self-heated junctions
the value of ν¯Ak (pk) has to be substituted into Eqs. (4).
Considering the system Eqs. (4)-(7) we can see that to obtain IV-characteristics it is necessary to cal-
culate values of ν¯Ak (pk), ˆik and θk which depend on each other. Therefore, this system must be solved
self-consistently. We applied the iteration procedure for the solution of this system. On the first step we
solved Eqs. (4)-(7) successively at a fixed temperature and obtained the power of heat extraction and new
values of ν¯Ak (pk). With these values we again solved Eqs. (4)-(7) successively and obtained next values of
ν¯Ak (pk) which we again substituted into Eqs. (4) etc. We checked that after 7-8 iterations the values of ν¯Ak (pk)
were diﬀerent only on about 1%.
The temperature of the overheating of the k-th junction above the temperature of the cryostat can be
estimated from the expression
Tk = T0 + ΔTk = T0 + γkPk, k = 1, 2. (8)
414   Alexander Grib and Paul Seidel /  Physics Procedia  36 ( 2012 )  411 – 416 
Fig. 2. (color online) Characteristics of the system of identical junctions (δ = 0). (a) The dependence of the imaginary part of the
connection coeﬃcient y12 on voltage for the junction in the resonator. Regions of anti-phase locking and in-phase locking are marked.
(b) IV-characteristics of junctions without self-heating (dashed curve) and self-heated junctions (solid curve) (c) The dependence of
the mean square root amplitude of the low-frequency ac current on the bias current. (d) The dependence of ΔT1,2 on the bias current.
This estimate gives a possibility to choose the realistic values of parameters for the model.
For calculations we choose parameters of the junctions which are characteristic for low temperature su-
perconductors: |dVc(T )/dT | = 6.41·10−4 V/K, R0 = 1 Ohm, Ic(T0) = 1·10−3 A, βC j = (2πIc0(T0)R20C j)/Φ0 =
0 − 0.5. Parameters of the circuit were R1 = 1 Ohm, r1 = R1/R0 = 1, βC1 = (2πIc0(T0)R20C1)/Φ0 = 0 − 0.6,
βL = (2πIc0(T0)L)/Φ0 = 1 − 10. Parameters of the heat sink were λ = 8 W/(m· K) and r = 0.7 − 2
micrometers. In all calculations we assumed γ1 = γ2 = γ.
3. Results and Discussion
Let us ivestigate at first the case of zero spread of critical currents (δ = 0). The consideration of
synchronization of two identical junctions without self-heating in the resonator by means of the method
of slowly varying amplitudes showed that in-phase synchronization appears when (y12) < 0 [10]. In
Fig. 2a values of (y12) = f (ν¯Ak )) are calculated for the given parametrs of the system. It is seen that the
resonator provides strong in-phase synchronization at normalized voltages ν¯Ak ≈ 1.2. The corresponding
IV-characteristics of junctions without self-heating are shown in Fig. 2b (the dashed curve). The resonance
step in the region of the resonant frequency appears on the IV-characteristic. The solid curve in Fig. 2b is
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Fig. 3. (color online) Synchronization of junctions with spread δ = 0.05. IV-characteristics of junctions without self-heating (a) and
self-heated junctions (b), the dependence of the locking interval ΔI on the parameter Ic0(T0)/IT (c) and the dependence of ΔT1,2 on the
bias current (d)
the IV-characteristics of self-heated junctions. It is seen that the curve is strongly shifted to larger voltages
in the region of the resonance step. The shift is smaller in other parts of the IV-characteristics. We can
conclude that just in the region of the resonance step self-heating is most dominant. The origin of this eﬀect
is the strong ac current which is flowing in the circuit at voltages close to the resonance. This ac current
produces the additional Joule heat extraction and the additional overheating of junctions. The amplitude
of this ac current is shown in Fig. 2c. The change of the temperature of junctions as a function of the bias
current is shown in Fig. 2d. It is seen that the overheating at bias currents near the resonance reaches about
0.1 K. Due to this overheating the IV-curve near the resonance shifts strongly to larger voltages.
Now we consider the case of non-identical junctions (δ  0). IV-characteristics obtained for δ = 0.05
for the load with the same parameters are shown in Fig. 3a for junctions without self-heating and for self-
heated junctions in Fig. 3b. The interval of phase locking is clearly seen in these figures as the range of bias
currents ΔI where voltages over both junctions are identical. The value of the locking interval ΔI increases
for self-heated junctions. The dependence of ΔI as a function of the parameter Ic(T0)/IT is shown in Fig. 3c.
The origin of this increase is in the temperature-induced shift of the junction with the larger critical current
(the junction 2 in Fig. 3b) to larger voltages. The junction with the smaller critical current (the strong
junction) has larger voltages in comparison to the junction with larger critical current (the weak junction).
The common situation is that the strong junction produces larger ac current in the circuit and synchronizes
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the weak junction. It means that the strong low-frequency synchronizing current flows through the weak
junction. This current produces Joule heating, and the IV-characteristic of the overheated weak junction is
shifted to larger voltages, i.e. toward the IV-characteristic of the strong junction. This process increases the
locking interval. The process of the overheating of the weak junction is illustrated in Fig. 3d.
4. Conclusions
We investigated synchronization of two self-heated Josephson junctions in a resonator by the method
of slowly varying amplitudes extended to take into account small values of capacitances of junctions. We
obtained IV-characteristics of identical self-heated junctions as well as junctions with the spread 5%. It has
been shown that the temperatures of junctions increase due to the Joule heat produced by the bias current
as well as the ac current in the resonator. Heating by the ac current represents absorption of radiation in the
neighbour junction. Our estimate showed that this heating can reach about 0.1 K. Parameters of the heat sink
correspond to the eﬀective radius of the junction of about 0.8-1.5 micrometers. We found that the interval
of bias currents at which phase locking was observed (the locking interval) increased with the increase of
the parameter of the heat sink. This eﬀect appeared due to strong nonuniform heating of junctions produced
by the ac current in the resonator. The junction with larger critical current is heated to higher temperature
due to the strong synchronizing current of the second junction which has larger voltage. Therefore, the
IV-characteristic of the first junction shifts towards the IV-characteristic of the second junction.
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